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Abstract. We introduce some contra continuous functions in weak
structure spaces such as contra (M, w)-continuous functions, con-
tra (α(m), w)-continuous functions, contra (σ(m), w)-continuous func-
tions, contra (pi(m), w)-continuous functions and contra (β(m), w)-
continuous functions. We investigate their characterization and re-
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1. Introduction and Preliminaries
Csa´sza´r [4] introduced a generalized structure called generalized topology. Re-
cently, Csa´sza´r [5] has introduced a new notion of structures called a weak
structure which is weaker than both a generalized topology [4] and a minimal
structure [8, 9]. Let X be a nonempty set and w⊆ P(X), where P(X) is the
power set of X. Then w is called a weak structure (briefly WS) on X if ∅ ∈
w. Each member of w is said to be w -open and the complement of a w -open
set is said to be w -closed. Let w be a weak structure on X and A ⊆ X.
Csa´sza´r [5] defined (as in the general case) iw(A) as the union of all w -open
subsets of A (e.g. ∅) and cw(A) as the intersection of all w -closed sets contain-
ing A (e.g. X). Quite recently, Al-Omari and Noiri [1, 2, 3, 7] has obtained
several fundamental properties of weak structure spaces.
Let X be a nonempty set and M ⊆ P(X). Then M is called a minimal
structure on X if ∅, X ∈M [8], in this case (X,M) is called a minimal space.
Each member of M is said to be m-open and the complement of an m-open
set is said to be m-closed. Let M, be a minimal structure on X and A ⊆ X.
Maki, Umehara and Noiri [8] defined (as in the general case) im(A) as the
union of all m-open subsets of A and cm(A) as the intersection of all m-closed
sets containing A.
We call a class µ ⊆ P(X) a generalized topology [4] (briefly GT ) if φ ∈ µ
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and the arbitrary union of elements of µ belongs to µ. A set X with a GT µ
on it is called a generalized topological space (briefly GTS) and is denoted by
(X,µ). In this paper, We introduce some contra continuous functions in weak
structure spaces such as contra (M, w)-continuous functions, contra (α(m), w)-
continuous functions, contra (σ(m), w)-continuous functions, contra (pi(m), w)-
continuous functions and contra (β(m), w)-continuous functions. We investi-
gate their characterization and relationships among such functions.
The following lemmas are useful in the sequel:
Lemma 1.1 ([5]). Let w be a WS on X and A, B subsets of X, then the
following properties hold:
1. iw(A) ⊆ A ⊆ cw(A).
2. If A ⊆ B implies that iw(A) ⊆ iw(B) and cw(A) ⊆ cw(B).
3. iw(iw(A)) = iw(A) and cw(cw(A)) = cw(A).
4. iw(X −A) = X − cw(A) and cw(X −A) = X − iw(A).
Lemma 1.2 ([5]). Let w be a WS on X and A a subset of X, then the following
properties hold:
1. x ∈ iw(A) if and only if there is W ∈ w such that x ∈W ⊆ A.
2. x ∈ cw(A) if and only if W ∩A 6= ∅ whenever x ∈W ∈ w.
3. If A ∈ w, then A = iw(A) and if A is w-closed, then A = cw(A).
Remark 1.3. If w is a WS on X, then
1. iw(∅) = ∅ and cw(X) = X.
2. iw(X) is the union of all w-open sets in X.
3. cw(∅) is the intersection of all w-closed sets in X.
Theorem 1.4 ([1]). For a WS space (X,w), the following properties are equiv-
alent:
1. w = µ i.e. w is a generalized topology in the sense of Csa´sza´r;
2. iw(A) is w-open for every subset A of X;
3. cw(A) is w-closed for every subset A of X.
Theorem 1.5 ([1]). Let w be a WS on X and w∗ = {A ⊂ X : A = iw(A)}.
Then, the following properties hold:
1. w∗ is a GT containing w;
2. w is a GT if and only if w = w∗.
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2. Contra (M, w)-continuity on weak structure spaces
Definition 2.1. Let M be minimal structure on X and w be weak structure
on Y . A function f : (X,M)→ (Y,w) is said to be
1. contra (M, w)-continuous if for each w-open set U in Y , f−1(U) is m-
closed in X.
2. contra (M, w)-continuous at some x ∈ X if for each w-closed set V
containing f(x), there exists U ∈M containing x such that f(U) ⊆ V .
Theorem 2.2. Let M be minimal structure on X and w be weak structure on
Y . For a function f : (X,M)→ (Y,w). The implications (1) ⇒ (2) ⇒ (3) ⇒
(4) hold. If M =M∗, then the following statements are equivalent:
1. f is contra (M, w)-continuous.
2. f is contra (M, w)-continuous at any x ∈ X.
3. f−1(F ) ⊆ im(f
−1(F )) for any w-closed F of Y .
4. cm(f
−1(V )) ⊆ f−1(V ) for any w-open V of Y .
Proof. (1)⇒ (2). Let x ∈ X and V be w-closed set containing f(x). By (1),
f−1(V ) ∈ M. Put U = f−1(V ). We have U is m-open containing x and
f(U) ⊆ V .
(2)⇒ (3). Let F be w-closed F of Y . For each x ∈ f−1(F ), f(x) ∈ F . By (2),
there exists U ∈ M containing x such that f(U) ⊆ F . Since x ∈ U ⊆ f−1(F ),
we have x ∈ im(f
−1(F )). This implies f−1(F ) ⊆ im(f
−1(F )).
(3)⇒ (4). Let V ∈ w. Then Y − V is w-closed. By (3) and Lemma 1.1,
f−1(Y − V ) ⊆ im(f
−1(Y − V )) = im(X − f
−1(V )) = X − cm(f
−1(V )). Thus
cm(f
−1(V )) ⊆ f−1(V ).
(4)⇒ (1). Let V ∈ w. By (4), we have cm(f
−1(V )) ⊆ f−1(V ) and hence
cm(f
−1(V )) = f−1(V ). Since M =M∗, then f−1(V ) is m-closed. Hence f is
contra (M, w)-continuous.
The implication (2)⇒ (1) of Theorem 2.2 need not be true in general.
Example 2.3. Let X = {a, b, c} and M = {φ, {a}, {b}, {c}, X} be a minimal
structure on X. Let f : (X,M)→ (X,M) be the identity function. Then f is
contra (M,M)-continuous at any x ∈ X but not contra-(M,M)-continuous.
Theorem 2.4. Let M be minimal structure on X and w be weak structure on
Y . For a function f : (X,M) → (Y,w). The implications (1) ⇒ (2) ⇒ (3)
hold. If w = w∗, then the following statements are equivalent:
1. cm(f
−1(iw(B))) ⊆ f
−1(iw(B)) for any B ⊆ Y .
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2. f−1(cw(B)) ⊆ im(f
−1(cw(B))) for any B ⊆ Y .
3. cm(f
−1(V )) ⊆ f−1(V ) for any w-open V of Y .
Proof. (1)⇒ (2). Let B ⊆ Y . By (1), cm(f
−1(iw(Y − B))) ⊆ f
−1(iw(Y −
B)). By Lemma 1.1, cm(f
−1(iw(Y − B))) = cm(f
−1(Y − cw(B))) = cm(X −
f−1(cw(B)))=X−im(f
−1(cw(B))) andX−im(f
−1(cw(B)))⊆X−f
−1(cw(B)).
Thus f−1(cw(B)) ⊆ im(f
−1(cw(B))).
(2)⇒ (3). Let V ∈ w. Then Y − V is w-closed and hence cw(Y − V ) = Y − V .
Now by (2), we have f−1(cw(Y −V )) ⊆ im(f
−1(cw(Y −V ))) and hence f
−1(Y −
V ) ⊆ im(f
−1(Y − V )) = X − cm(f
−1(V )). Then cm(f
−1(V )) ⊆ f−1(V ).
(3)⇒ (1). Let B ⊆ Y . Since w = w∗, then iw(B) is w-open set, by (3)
cm(f
−1(iw(B))) ⊆ f
−1(iw(B)).
Definition 2.5 ([1]). Let (X,w) be a WS space. Then the weak kernel of
A ⊆ X is denoted by w-ker(A) and defined as w-ker(A) = ∩{G ∈ w : A ⊆ G}.
Lemma 2.6 ([1]). Let A and B be two subsets of a WS space (X,w). Then
the following properties hold:
1. x ∈w-ker(A) if and only if A ∩ F 6= φ for any w-closed F containing x.
2. A ⊆w-ker(A) and A =w-ker(A) if A ∈ w.
3. If A ⊆ B, then w-ker(A) ⊆w-ker(B).
Lemma 2.7. Let A be a subset of a WS space (X,w). Then w-ker(A) = w-
ker(w -ker (A))
Proof. By Lemma 2.6, we have w-ker(A) ⊆ w-ker(w -ker(A)). Conversely, if
x /∈ w-ker(A) there exists F which is w-closed such that x ∈ F and F ∩A = φ.
Since X − F ∈ w and A ⊆ X − F , and since w-ker(A) is the intersection of all
w-open sets containing A, we have w-ker(A) ⊆ X−F so that F ∩w-ker(A) = φ.
Since x ∈ F , we have that x /∈ w-ker(w -ker(A)). Thus w-ker(w -ker(A)) ⊆ w-
ker(A).
Theorem 2.8. Let M be minimal structure on X and w be weak structure on
Y . For a function f : (X,M) → (Y,w). The implications (1) ⇒ (2) ⇒ (3)
hold. If M =M∗, then the following statements are equivalent:
1. f is contra (M, w)-continuous;
2. f(cm(A)) ⊆w-ker(f(A)) for any A ⊆ X;
3. cm(f
−1(B)) ⊆ f−1(w-ker(B)) for any B ⊆ Y .
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Proof. (1) ⇒ (2). Let A ⊆ X. Suppose that f(cm(A)) − w-ker(f(A)) 6= φ.
Pick y ∈ f(cm(A))−w-ker(f(A)). By y /∈w-ker(f(A)), there exists w-closed
set F containing y such that f(A) ∩ F = φ. Then A ∩ f−1(F ) = φ and
cm(A) ∩ f
−1(F ) = φ, since f−1(F ) ∈ m. This implies that f(cm(A)) ∩ F = φ
and y /∈ f(cm(A)). Thus f(cm(A)) ⊆w-ker(f(A)).
(2) ⇒ (3). Let B ⊆ Y . By (2), f(cm(f
−1(B))) ⊆w-ker(f(f−1(B))) ⊆w-
ker(B). Thus cm(f
−1(B)) ⊆ f−1(w-ker(B)).
(3) ⇒ (1). Let B ∈ w. By (3) cm(f
−1(B)) ⊆ f−1(w-ker(B)). By Lemma 2.6,
B = w-ker(B)). Thus cm(f
−1(B)) ⊆ f−1(B). Since M = M∗ implies that
f−1(B) is m-closed. Hence f is contra (M, w)-continuous.
Definition 2.9. Let (X,w) be a WS space. X is called w-connected, if there
are no nonempty disjoint w-open subsets U , V of X such that U ∪ V = X.
Lemma 2.10. Let (X,w) be aWS space. If U , V are nonempty disjoint w-open
subsets of X and U ∪ V = X, then U and V are w-closed.
Theorem 2.11. Let f : (X,M) → (Y,w) be a contra (M, w)-continuous sur-
jection. If X is m-connected, then Y is w-connected.
Proof. Let f : (X,M)→ (Y,w) be a contra (M, w)-continuous surjection and
let X be m-connected. Suppose Y is not w-connected. Then there exists
nonempty disjoint w-open subsets V1 and V2 of Y such that V1 ∪ V2 = Y . By
Lemma 2.10, V1 and V2 are w-closed. Since f is contra (M, w)-continuous,
then f−1(V1), f
−1(V2) ∈M. Note that f
−1(V1) ∩ f
−1(V2) 6= φ and f
−1(V1) ∪
f−1(V2) = X. Then X is not m-connected, contradiction. Thus Y is w-
connected.
Definition 2.12. A WS space (X,w) is said to be strongly w-closed if every
cover of X by w-closed sets of (X,w) has a finite subcover.
Definition 2.13. A minimal space (X,M) is said to be m-compact if every
m-open cover of X has a finite subcover.
Theorem 2.14. Let f : (X,M)→ (Y,w) be a contra-(M, w)-continuous sur-
jection. If (X,M) is m-compact, then (Y,w) is strongly w-closed.
Proof. Let (X,M) bem-compact and {Vα : α ∈ ∆} any cover of Y by w-closed
sets of (Y,w). Since f is contra-(M, w)-continuous, the family {f−1(Vα) :
α ∈ ∆} is a m-open cover of X. Since (X,M) is m-compact, there exists
a finite subset ∆0 of ∆ such that X = ∪{f
−1(Vα) : α ∈ ∆0}. Therefore,
Y = f(X) = ∪{Vα : α ∈ ∆0}. This shows that (Y,w) is strongly w-clsoed.
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3. Contra continuity on weak structure spaces
Definition 3.1 ([10]). Let (X,M) be a minimal structure space and A ⊆ X.
Then A is said to be
1. m-semi-open if A ⊆ cm(im(A)),
2. m-preopen if A ⊆ im(cm(A)),
3. m-α-open if A ⊆ im(cm(im(A))),
4. m-β-open if A ⊆ cm(im(cm(A))),
5. mr-open if A = im(cm(A)).
The complement of m-semi-open (resp. m-preopen, m-α-open, m-β-open,
mr-open) is said to be m-semi-closed (resp. m-preclosed, m-α-closed, m-β-
closed, wr-closed). Let us denote by σ(m) (resp. pi(m), α(m), β(m)) the class
of all m-semi-open (resp. m-preopen, m-α-open, m-β-open) sets of (X,M).
Definition 3.2. Let M be minimal structure on X and w be weak structure
on Y . A function f : (X,M)→ (Y,w) is said to be
1. contra (α(m), w)-continuous if for each w-open set U in Y , f−1(U) is
m-α-closed in X.
2. contra (σ(m), w)-continuous if for each w-open set U in Y , f−1(U) is
m-σ-closed in X.
3. contra (pi(m), w)-continuous if for each w-open set U in Y , f−1(U) is
m-pi-closed in X.
4. contra (β(m), w)-continuous if for each w-open set U in Y , f−1(U) is
m-β-closed in X.
5. contra (σ(m), w∗)-continuous if for each w∗-open set U in Y , f−1(U) is
m-σ-closed in X.
6. contra (pi(m), w∗)-continuous if for each w∗-open set U in Y , f−1(U) is
m-pi-closed in X.
Lemma 3.3 ([5]). For a WS w on X, the following relations hold:
1. w ⊆ α(w) ⊆ σ(w) ⊆ β(w).
2. w ⊆ α(w) ⊆ pi(w) ⊆ β(w).
Theorem 3.4 ([5]). If w is a WS, each of the structures α(w), σ(w), pi(w)
and β(w) is a generalized topology.
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For several functions defined above, we have the following implications.
DIAGRAM
contra-(M, w)
-continuous
// contra-(α(m), w)
-continuous

// contra-(σ(m), w)
-continuous

contra-(pi(m), w)
-continuous
// contra-(β(m), w)
-continuous
The reverse implication may be not true in general and this can be clearly
seen from the following examples.
Example 3.5. Let X = {a, b, c, d} and M = {φ, {a}, {b}, {a, b, c}, X} be a
minimal structure on X. Define f : (X,M) → (X,M) as follows: f(a) =
f(b) = d and f(c) = f(d) = a. Then f−1({a}) = {c, d}, f−1({b}) = φ and
f−1({a, b, c}) = {c, d}. We have f is contra-(α(m),M)-continuous but not
contra-(M,M)-continuous.
Example 3.6. Let X = Y = {a, b, c}, M = {φ, {a}, {b}, X} be a minimal
structure on X and w = {φ, {a}, {b}} a WS on Y . Define f : (X,M)→ (Y,w)
be the identity function. We have f is contra-(σ(m), w)-continuous but not
contra-(α(m), w)-continuous.
Example 3.7. Let X = Y = {a, b, c}, M = {φ, {a}, {b}, X} be a minimal
structure on X and w = {φ, {a, c}, {b}} a WS on Y . Define f : (X,M) →
(Y,w) as follows: f(a) = a, f(b) = c and f(c) = c. Then f−1({a, b}) = {a}
and f−1({b}) = φ. We have f is contra-(β(m), w)-continuous but not contra-
(pi(m), w)-continuous.
Example 3.8. Let X = Y = {a, b, c}, M = {φ, {a, c}, {b, c}, X} be a minimal
structure on X and w = {φ, {a, c}} a WS on Y . Define f : (X,M) → (Y,w)
as follows: f(a) = f(b) = a and f(c) = b. Then f−1({a, c}) = {a, b}. We have
f is contra-(pi(m), w)-continuous but not contra-(σ(m), w)-continuous.
Theorem 3.9. Let M be a minimal structure on X and w be weak structures
on Y . A function f : (X,M) → (Y,w) is contra-(α(m), w)-continuous if and
only if it is both contra-(pi(m), w)-continuous and contra-(σ(m), w)-continuous.
Proof. Necessity. It is clear from the above diagram.
Sufficiency. Follows from the fact that α(w) = pi(w) ∩ σ(w).
Definition 3.10. LetM be a minimal structure on X and w be weak structures
on Y . A function f : (X,M)→ (Y,w) is said to be
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1. (σ(m), w)-continuous if f−1(V ) is m-semi-open in X for each w-open set
V of Y ,
2. (pi(m), w)-continuous if f−1(V ) is m-preopen in X for each w-open set
V of Y .
Lemma 3.11. For a subset A of a WS space (X,w), the following properties
are equivalent:
1. A is wr-closed;
2. A is w-preclosed and w-semi-open;
3. A is w-α-closed and w-β-open.
Proof. (1)⇒ (2). Let A be wr-closed. Then A = cw(iw(A)) and A is w-
preclosed and w-semi-open.
(2)⇒ (3). Let A be w-preclosed and w-semi-open. Then A ⊆ cw(iw(A)) and
cw(iw(A))⊆A. Therefore, we have cw(A)=cw(iw(A)) and hence cw(iw(cw(A)))
= cw(iw(cw(iw(A)))) = cw(iw(A)) ⊆ A. This shows that A is w-α-closed. Since
σ(w) ⊆ β(w), it is obvious that A is w-β-open.
(3)⇒ (1). Let A be w-α-closed and w-β-open. Then A = cw(iw(cw(A))) and
hence cw(iw(A)) = cw(iw(cw(iw(cw(A))))) = cw(iw(cw(A))) = A. Therefore,
A is wr-closed.
Definition 3.12. LetM be a minimal structure on X and w be weak structures
on Y . A function f : (X,M)→ (Y,w) is said to be RC-(M, w)-continuous if
f−1(V ) is mr-closed in X for each w-open set of Y .
As a consequence of Lemma 3.11, we have the following result:
Theorem 3.13. LetM be a minimal structure on X and w be weak structures
on Y . For a function f : (X,M) → (Y,w), the following statements are
equivalent:
1. f is RC-(M, w)-continuous;
2. f is contra-(pi(m), w)-continuous and (σ(m), w)-continuous;
3. f is contra-(α(m), w)-continuous and (β(m), w)-continuous.
Let M be a minimal structure on X or w be a weak structures on X and
A ⊆ X. The m-α-closure (resp. m-semi-closure, m-preclosure, m-β-closure,
w∗-closure) of a subset A of X, denoted by cα(A) (resp. cσ(A), cpi(A), cβ(A),
cw∗(A)), is the intersection of m-α-closed (resp. m-semi-closed, m-preclosed,
m-β-closed, w∗-closed) sets including A. The m-α-interior (resp. m-semi-
interior, m-preinterior, m-β-interior, w∗-interior) of a subset A of X, denoted
by iα(A) (resp. iσ(A), ipi(A), iβ(A), iw∗(A)), is the union of m-α-open (resp.
m-semi-open, m-preopen, m-β-open, w∗-open) sets contained in A.
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Theorem 3.14. Let M be a minimal structure on X and w be a weak struc-
tures on Y . For a function f : (X,M) → (Y,w), the following properties are
equivalent:
1. f is contra (pi(m), w∗)-continuous;
2. f−1(A) is m-preopen set in X for every w∗-closed set A in Y ;
3. f−1(A) ⊆ im(cm(f
−1(cw∗(A)))) for every subset A in Y ;
4. cm(im(f
−1(iw∗(A)))) ⊆ f
−1(A) for every subset A in Y ;
5. A ⊆ im(cm(f
−1(cw∗(f(A))))) for every subset A in X.
Proof. (1) ⇔ (2). It is obvious.
(2) ⇒ (3). Let A ⊆ Y . Then cw∗(A) is w
∗-closed set in Y . By (2) im-
plies that f−1(cw∗(A)) is m-preopen set in X. Therefore, f
−1(cw∗(A)) ⊆
im(cm(f
−1(cw∗(A)))). Hence f
−1(A) ⊆ im(cm(f
−1(cw∗(A)))).
(3) ⇔ (4). It is obvious.
(3) ⇒ (5). Let A ⊆ X. Then f(A) ⊆ Y . By (3) implies that f−1(f(A)) ⊆
im(cm(f
−1(cw∗(f(A))))).Therefore, A⊆f
−1(f(A))⊆ im(cm(f
−1(cw∗(f(A))))).
(5) ⇒ (2). Let A be w∗-closed in Y . Then f−1(A) ⊆ X. By hypothesis
f−1(A) ⊆im(cm(f
−1(cw∗(f(f
−1(A)))))
⊆im(cm(f
−1(cw∗(A))))
=im(cm(f
−1(A))) .
Hence f−1(A) is m-preopen set in X.
Remark 3.15. Since every w-open set is w∗-open set in Y . Then every contra
(pi(m), w∗)-continuous is contra (pi(m), w)-continuous.
Theorem 3.16. Let M be a minimal structure on X and w be weak struc-
tures on Y . For a function f : (X,M) → (Y,w), the following properties are
equivalent:
1. f is contra (σ(m), w∗)-continuous;
2. f−1(A) is m-semi-open set in X for every w∗-closed set A in Y ;
3. f−1(A) ⊆ cm(im(f
−1(cw∗(A)))) for every subset A in Y ;
4. im(cm(f
−1(iw∗(A)))) ⊆ f
−1(A) for every subset A in Y ;
5. A ⊆ cm(im(f
−1(cw∗(f(A))))) for every subset A in X.
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Proof. (1) ⇔ (2). It is obvious.
(2) ⇒ (3). Let A ⊆ Y . Then cw∗(A) is w
∗-closed set in Y . By (2) im-
plies that f−1(cw∗(A)) is m-semi-open set in X. Therefore, f
−1(cw∗(A)) ⊆
cm(im(f
−1(cw∗(A)))). Hence f
−1(A) ⊆ f−1(cw∗(A)) ⊆ cm(im(f
−1(cw∗(A)))).
(3) ⇔ (4). It is obvious by taking complement.
(3) ⇒ (5). Let A ⊆ X. Then f(A) ⊆ Y . By (3) implies that f−1(f(A)) ⊆
cm(im(f
−1(cw∗(f(A))))).Therefore, A⊆f
−1(f(A))⊆cm(im(f
−1(cw∗(f(A))))).
(5) ⇒ (2). Let A be w∗-closed in Y . Then f−1(A) ⊆ X. By hypothesis
f−1(A) ⊆cm(im(f
−1(cw∗(f(f
−1(A)))))
⊆cm(im(f
−1(cw∗(A))))
=cm(im(f
−1(A))) .
Hence f−1(A) is m-semi-open set in X.
Remark 3.17. Since every w-open set is w∗-open set in Y . Then every contra
(σ,w∗)-continuous is contra (σ,w)-continuous.
Theorem 3.18. LetM be a minimal structure on X and w be weak structures
on Y . A function f : (X,M)→ (Y,w) is contra (β(m), w∗)-continuous if and
only if f−1(cβ(B)) ⊆ iβ(f
−1(cw∗(B)) for each subset B in Y .
Proof. Necessity. Let B ⊆ Y . Then cw∗(B) is w
∗-closed in Y . By hypoth-
esis, f−1(cw∗(B)) ∈ β(m) and since w
∗ ⊆ β(w). Therefore, f−1(cβ(B)) ⊆
f−1(cw∗(B)) = iβ(f
−1(cw∗(B)). Hence f
−1(cβ(B)) ⊆ iβ(f
−1(cw∗(B)).
Sufficiency. Let B ⊆ Y be w∗-closed. Then cw∗(B) = B. By hypothesis,
f−1(cβ(B)) ⊆ iβ(f
−1(cw∗(B))) = iβ(f
−1(B). Now f−1(B) ⊆ f−1(cβ(B)) ⊆
iβ(f
−1(B)) ⊆ f−1(B). This implies that iβ(f
−1(B)) = f−1(B) and by Theo-
rem 3.4. Hence f−1(B) ∈ β(m) and hence f is contra (β(m), w∗)-continuous.
Remark 3.19. Since every w-open set is w∗-open set in Y . Then every contra
(β(m), w∗)-continuous is contra (β(m), w)-continuous.
Theorem 3.20. Let M be a minimal structure on X and w be weak structures
on Y . A function f : (X,M)→ (Y,w) is contra (α(m), w∗)-continuous if and
only if f−1(cα(B)) ⊆ iα(f
−1(cw∗(B)) for each subset B in Y .
Proof. Similar as in Theorem 3.18.
Theorem 3.21. LetM be a minimal structure on X and w be weak structures
on Y . For a function f : (X,M) → (Y,w). Suppose that one of the following
conditions holds:
CONTRA CONTINUITY ON WEAK STRUCTURE SPACES 433
1. f−1(cw(B)) ⊆ im(cβ(f
−1(B))) for each subset B in Y ;
2. cm(iβ(f
−1(B))) ⊆ f−1(iw(B)) for each subset B in Y ;
3. f(cm(iβ(A))) ⊆ iw(f(A)) for each subset A in X;
4. f(cm(A)) ⊆ iw(f(A)) for each m-β-open set A in X.
Then f is contra (β(m), w)-continuous.
Proof. (1) ⇒ (2). It is obvious by taking complement.
(2) ⇒ (3). Let A⊆X, then f(A)⊆Y. By (2) implies that cm(iβ(f
−1(f(A))))⊆
f−1(iw(f(A))). That is cm(iβ(A)) ⊆ cm(iβ(f
−1(f(A)))) ⊆ f−1(iw(f(A))).
Hence f(cm(iβ(A))) ⊆ f(f
−1(iw(f(A)))) ⊆ iw(f(A)).
(3) ⇒ (4). Let A ⊆ X be m-β-open. Then f(cm(iβ(A))) ⊆ iw(f(A)).
That is f(cw(A)) = f(cm(iβ(A))) ⊆ iw(f(A)), since iβ(A) = A. Hence
f(cm(A)) ⊆ iw(f(A)).
Suppose (4) holds: Let A ⊆ Y be w-open. Then f−1(A) ⊆ X and iβ(f
−1(A))
is m-β-open in X, by Theorem 3.4. By (4) implies that f(cm(iβ(f
−1(A)))) ⊆
iw(f(iβ(f
−1(A)))) ⊆ iw(f(f
−1(A))) ⊆ iw(A) = A. Now cm(iβ(f
−1(A))) ⊆
f−1(f(cm(iβ(f
−1(A))))) ⊆ f−1(A). We have cm(im(f
−1(A))) ⊆ f−1(A).
Therefore, f−1(A) is a m-preclosed set and hence a m-β-closed set. Thus
f is contra (β(m), w)-continuous.
Theorem 3.22. Let M be a minimal structure on X and w be weak structures
on Y . For a function f : (X,M) → (Y,w). Suppose that one of the following
conditions holds:
1. f−1(cw(B)) ⊆ im(cα(f
−1(B))) for each subset B in Y ;
2. cm(iα(f
−1(B))) ⊆ f−1(iw(B)) for each subset B in Y ;
3. f(cm(iα(A))) ⊆ iw(f(A)) for each subset A in X;
4. f(cm(A)) ⊆ iw(f(A)) for each m-α-open set A in X.
Then f is contra (α(m), w)-continuous.
Proof. Similar as in Theorem 3.21.
Theorem 3.23. LetM be a minimal structure on X and w be weak structures
on Y . For a function f : (X,M) → (Y,w). Suppose that one of the following
conditions holds:
1. f(cβ(A)) ⊆ iw(f(A)) for each subset A in X;
2. cβ(f
−1(B))) ⊆ f−1(iw(B)) for each subset B in Y ;
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3. f−1(cw(B)) ⊆ iβ(f
−1(B))) for each subset B in Y .
Then f is contra (β(m), w)-continuous
Proof. (1) ⇒ (2). Let B ⊆ Y . Then f−1(B) ⊆ X. By (1) implies that
f(cβ(f
−1(B))) ⊆ iw(f(f
−1(B))) ⊆ iw(B). Thereforef
−1(f(cβ(f
−1(B)))) ⊆
f−1(iw(B)). So that cβ(f
−1(B)) ⊆ f−1(f(cβ(f
−1(B)))) ⊆ f−1(iw(B)). Hence
cβ(f
−1(B)) ⊆ f−1(iw(B)).
(2) ⇒ (3). It is obvious by taking complement in (2).
Suppose (3) holds: LetB ⊆ Y be w-closed. Then, by hypothesis, f−1(cw(B)) ⊆
iβ(f
−1(B))). That is f−1(B) = f−1(cw(B)) ⊆ iβ(f
−1(B)) ⊆ f−1(B) and
by Theorem 3.4. Therefore, f−1(B) is m-β-open in X. Hence f is contra
(β(m), w)-continuous.
Theorem 3.24. Let M be a minimal structure on X and w be weak structures
on Y . For a function f : (X,M) → (Y,w). Suppose that one of the following
conditions holds:
1. f(cα(A)) ⊆ iw(f(A)) for each subset A in X;
2. cα(f
−1(B))) ⊆ f−1(iw(B)) for each subset B in Y ;
3. f−1(cw(B)) ⊆ iα(f
−1(B))) for each subset B in Y .
Then f is contra (α(m), w)-continuous.
Proof. Similar as in Theorem 3.23.
Theorem 3.25. Let M be a minimal structure on X and w be weak structures
on Y . A function f : (X,M) → (Y,w) is contra (β(m), w)-continuous if
cw(f(A)) ⊆ f(iβ(A)) for each subset A of X and f is bijective.
Proof. Let B⊆Y bew-closed. Then f−1(B)⊆X.By hypothesis cw(f(f
−1(B)))⊆
f(iβ(f
−1(B))). Now B = cw(B) = cw(f(f
−1(B))) ⊆ f(iβ(f
−1(B))). There-
fore, f−1(B) ⊆ f−1(f(iβ(f
−1(B)))) = iβ(f
−1(B)) ⊆ f−1(B) and by Theo-
rem 3.4. Hence f−1(B) ∈ β(m) and hence f is contra (β(m), w)-continuous.
Theorem 3.26. Let M be a minimal structure on X and w be weak structures
on Y . Let f : (X,M) → (Y,w) be a contra (β(m), w)-continuous. Then the
following properties hold:
1. cβ(f
−1(B)) ⊆ f−1(iw(cβ(B))) for each w-open set B in Y .
2. f−1(cw(iβ(B))) ⊆ iβ(f
−1(B)) for each w-closed set B in Y .
CONTRA CONTINUITY ON WEAK STRUCTURE SPACES 435
Proof. (1). Let B ⊆ Y be w-open. By hypothesis, f−1(B) is m-β-closed in X.
Then cβ(f
−1(B)) = f−1(B) = f−1(iw(B)) ⊆ f
−1(iw(cβ(B))). Hence
cβ(f
−1(B)) ⊆ f−1(iw(cβ(B))).
(2). It is obvious by taking complement in (1).
Theorem 3.27. Let M be a minimal structure on X and w be weak structures
on Y . For a function f : (X,M) → (Y,w). The following conditions are
equivalent:
1. f is contra (β(m), w)-continuous;
2. for each x ∈ X and each w-closed set B containing f(x), there exists
A ∈ β(m) and x ∈ A such that A ⊆ f−1(B);
3. for each x ∈ X and each w-closed set B containing f(x), there exists
A ∈ β(m) and x ∈ A such that f(A) ⊆ B.
Proof. (1) ⇒ (2). Let B ⊆ Y be w-closed and f(x) ∈ B. By hypothesis
f−1(B) ∈ β(m). Therefore, iβ(f
−1(B)) = f−1(B). Put A = iβ(f
−1(B)).
Then A ∈ β(w) and A ⊆ f−1(B).
(2) ⇒ (3). Let B ⊆ Y be w-closed and f(x) ∈ B. By hypothesis there exists
A ∈ β(m) and x ∈ A such that A ⊆ f−1(B). Therefore, f(A) ⊆ f(f−1(B)) ⊆
B. Thus f(A) ⊆ B.
(3) ⇒ (1). Let B be w-closed in Y . Let x ∈ X and f(x) ∈ B. By hypothesis
there exists A ∈ β(m) and x ∈ A such that f(A) ⊆ B. This implies that
x ∈ A ⊆ f−1(f(A)) ⊆ f−1(B). That is x ∈ f−1(B). Since A ∈ β(m),
A = iβ(A) ⊆ iβ(f
−1(B)). Hence x ∈ iβ(f
−1(B)). Therefore, f−1(B) =
∪{x : x ∈ f−1(B)} ⊆ iβ(f
−1(B)) ⊆ f−1(B). Thus iβ(f
−1(B)) = f−1(B)
and by Theorem 3.4 we have f−1(B) ∈ β(m). Hence f is contra (β(m), w)-
continuous.
Theorem 3.28. Let M be a minimal structure on X and w be weak structures
on Y . For a function f : (X,M) → (Y,w). The following conditions are
equivalent:
1. f is contra (pi(m), w)-continuous;
2. f−1(A) ∈ pi(m) for every w-closed set A in Y ;
3. for each x ∈ X and each w-closed set A containing f(x), there exists
B ∈ pi(m) containing x such that f(B) ⊆ A;
4. f(cpi(A)) ⊆ w-ker(f(A)) for every subset A of X;
5. cpi(f
−1(B)) ⊆ f−1(w-ker(B)) for every subset B of Y .
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Proof. (1) ⇔ (2). It is obvious.
(2) ⇒ (3). Let x ∈ X and A be w-closed set containing f(x). By hypothesis,
f−1(A) ∈ pi(m). Now put B = f−1(A), then f(B) = f(f−1(A)) ⊆ A. Thus
f(B) ⊆ A.
(3) ⇒ (2). Let A be a w-closed set in Y and x ∈ f−1(A). Then f(x) ∈ A. By
(3) there exists Bx ∈ pi(m) containing x such that f(Bx) ⊆ A. This implies
that Bx ⊆ f
−1(f(Bx)) ⊆ f
−1(A). Now f−1(A) = ∪{Bx : x ∈ f
−1(A)} and
since pi(m) is a generalized topology, f−1(A) ∈ pi(m).
(2) ⇒ (4). Let A be any subset of X. Suppose y /∈ w-ker(f(A)), then by
Lemma 2.6 there exists w-closed set B containing y such that f(A) ∩ B = φ.
thus we have A∩ f−1(B) = φ and cpi(A)∩ f
−1(B) = φ. Therefore, f(cpi(A))∩
B = φ and y /∈ f(cpi(A)). This implies f(cpi(A)) ⊆ w-ker(f(A)).
(4) ⇒ (5). Let B be any subset of Y . By (4) and Lemma 2.6, we have
f(cpi(f
−1(B))) ⊆ w-ker(f(f−1(B))) ⊆ w-ker(B) and cpi(f
−1(B)) ⊆ f−1(w-
ker(B)).
(5)⇒ (1). Let B be any w-open set in Y . By Lemma 2.6, we have cpi(f
−1(B))⊆
f−1(w-ker(B)) = f−1(B) and cpi(f
−1(B)) = f−1(B) and by Theorem 3.4.
Hence f−1(B) ∈ pi(m).
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